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Abstract: 

The present paper intends to investigate the behavior of compact relativistic objects 

consisting of an anisotropic matter distribution with static and spherically symmetric 

spacetime. Further, an equation of state (EOS) is also considered, which is linear in 

nature, relating radial pressure and density. As part of this study, various compact 

stellar models are analyzed based on their physical attributes CENX − 3, 4U 1820 − 

30, PSR1903 + 327, 4U 1608 − 52, PSRJ1614 − 2230 and SMCX − 4. The stellar models 

presented in this paper are free from singularities and possess all physically plausible 

features. In order to determine the stability of a compact stellar system, one must consider 

causality conditions, the adiabatic index, the Buchdhal condition, energy conditions, etc. 

The presented anisotropic compact stellar model ful lls all these criteria. Moreover, 

a thorough assessment of all physical properties of the solutions has been conducted 

for all the compact stars listed above. Based on the analysis of this model conducted 

analytically and graphically, it is evident that the model is regular and well-behaved. 

The obtained solution could explain the physics of self-gravitating objects and might be 

useful in strong- eld regimes where data are currently inadequate. 
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1 Introduction 

The study of compact relativistic stars, as well as other gravitational collapse phenomena, 

has become one of the most challenging aspects of astrophysics [1,2]. In view of this, the 

modelling of ultra-dense compact celestial entities has been a compelling focal point in 

relativistic astrophysics for several decades, which are formed by the intense explosions in 

the universe such as planetary nebulae and supernovas. These structures include neutron 

stars, white dwarfs, strange stars, hybrid stars, hyperon stars, black holes and gravas- 

tars. These compact astrophysical objects provide unique opportunities for studying the 

properties of matter at extremely dense conditions [3]. 

Such objects have matter inside at extremely high densities, requiring a di erent de- 

scription of stellar plasma than the Newtonian uid description used in classical physics. 

Due to their extreme density, such compact objects are relativistic in nature, and there- 

fore, can only be adequately described by Einstein's General Relativity. The strong 

gravity present in them is one of the most signi cant factors responsible for a number of 

fundamental phenomena. Various characteristics of gravitating stars can be attributed 

to these phenomena. As a matter of fact, useful insights about the development of the 

cosmos and its constituents are provided by the intricate details of these astronomical 

objects. Therefore, scientists are highly interested in analyzing their structure and matter 

composition and put them as a high priority. In physics, the general theory of relativity 

is a theory that is capable of explaining several phenomena, including a close explanation 

of the spectral shift of light, perihelion advancement of planets within the solar system, 

the bending of light due to massive celestial bodies, and several other interesting occur- 

rences. The study of extremely dense relativistic compact stellar objects can be explored 

and analyzed by the system of Einstein eld equations and imposing conditions for phys- 

ical acceptability. They provide a more comprehensive understanding of their properties, 

gravity, matter, and their intricate interactions within the universe. Researchers have 

been interested in nding the exact solutions to these equations as they have many ap- 

plications in relativistic astrophysics and serve as a key to unlocking the mysteries of 

this universe. However, nding their exact solution is an insurmountable challenge [4-6]. 

Complexities are involved in discovering the exact solutions to Einstein's eld equations 

due to their highly non-linear nature. Despite that, the scienti c community is actively 

engaged in developing several exact solutions to EFE for static and spherically symmetric 

 uid con gurations. The groundbreaking contributions of Schwarzschild [7], Tolman [8], 

and Oppenheimer and Volko [9] deserve special mention in the development of theoret- 

ical models for relativistic compact stars. In addition, Chandrashekhar has also made 

a noteworthy contribution to the modelling of white dwarfs with relativistic corrections 

[10]. Moreover, Baade and Zwicky introduced the idea of neutron stars as astronom- 

ically dense objects resulting from supernova explosions in their pioneering work [11]. 
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A signi cant contribution was also made by Delgaty and Lake [12] as they successfully 

formulated various analytical solutions for static spherically symmetric perfect uid con- 

 gurations that meet all the required criteria for being physically well-behaved. These 

compact astrophysical objects can be explored by researchers using di erent methods and 

approaches [13-15]. In this context, two methods have been employed. First, a speci c 

form of metric potential is assumed and the equation of state is formulated. This method 

allows the researcher to explore the relationships between various physical parameters 

that characterize the compact stellar system. Another avenue involved is to assume an 

equation of state and solve the eld equations to nd the remaining physical properties 

associated with the compact stellar system. 

Generally, these compact objects are believed to be made up of a perfect uid where 

the radial pressure pr and the tangential pressure pt are equal. Nevertheless, there has 

been substantial empirical evidence suggesting that in highly dense uids, such as that 

found within a compact star, the presence of extreme internal density and strong gravity 

inside the compact stellar system causes an imbalance in the radial and transverse pres- 

sure, leading to anisotropy in pressure [16]. The di erence between pt and pr is known 

as an anisotropic factor denoted as △ = pt − pr, which could be either positive or nega- 

tive. The signi cance of both cases are di erent. When tangential pressure overpowers 

radial pressure, it leads to positive anisotropy that results in an outwardly acting force 

that is repulsive in nature, in opposition to gravitational gradients. Thus the presence 

of a positive anisotropy factor improves the equilibrium and stability of the system. In 

contrast, the case of a negative anisotropy factor, where radial pressure is greater than 

tangential pressure, causes the system to experience an inward or attractive force leading 

to collapse. Di erent physical phenomena may contribute to anisotropy. One notable 

example is the anisotropic distribution of pressure within a neutron star, where the geo- 

metric properties of the π = modes contribute to describing a con guration characterized 

by a condensed phase of pions [17]. In neutron stars, anisotropy may also occur as a 

result of solids or super uids inside the core [18]. Anisotropy has also been observed in 

complex scalar elds that determine self-gravitating objects, as present in boson stars 

[19-20]. Phase transitions during gravitational collapse [21-22], strong electromagnetic 

 elds [23-25], viscosity [26], slow rotation of a uid [27] etc. are some of the factors 

that cause anisotropy. Several authors describe how local anisotropy a ects astrophysical 

objects and their causes [28-33]. 

A relativistic anisotropic sphere is characterized by several interesting properties that 

were rst discovered by Lema tre [34], in 1933. Nevertheless, Bowers and Liang [35] 

rekindled the interest in anisotropic compact objects. As a result of these developments, 

a generalization of the equation of hydrostatic equilibrium was employed to analyze the 

changes in the surface redshift and gravitational mass. Letelier's contribution in [36] 

demonstrated that an anisotropic uid can be generated by the sum of two perfect uids, 
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one perfect and the other null. Taking into account the situation in which anisotropic 

stars exist, two- uid models of dark matter have been examined in General Relativity 

[37]. A complete study of all static spherically symmetric anisotropic solutions has been 

published in [38]. Further, the minimal gravitational decoupling (MGD) technique with 

di erent EOS has been extensively employed in the quest for exact solutions for self- 

gravitating systems, see for instance [39-40]. Furthermore, anisotropy may also have 

signi cance in other contexts, such as in exploring the possibility that GW150914 was 

not caused by a black hole merger but by the merging of rotating gravastars [41-42]. 

The mass and radius of a compact star constitute its basic characteristics. To address 

the realistic matter distributions present in stellar structures, a variety of methods and 

appropriate mathematical assumptions are often employed. In this context, the equa- 

tion of state (EOS) plays an important role in establishing a mathematical relationship 

between energy density, pressure and other thermodynamic parameters, thereby linking 

them to the spacetime curvature, in a manner that is productive and physically plausible. 

In this way a link is made between such properties and those of nuclear matter and quark 

matter on a microscopic level through the equation of state (EOS) governing the matter 

within the star. In the modelling of compact astrophysical entities such as neutron stars 

and black holes, the interplay between the EOS and general relativity is very crucial [43]. 

Nuclear interactions in compact stars are relativistic in nature due to the high density 

of matter inside them. It is important to have a clear understanding of the properties 

of matter at or near thermodynamic equilibrium to solve many astrophysical problems. 

As a function of temperature and density, the EOS equation determines the thermody- 

namic properties such as pressure and entropy of a uid, that are directly incorporated 

in the equations used in stellar evolution and determines the mechanical and thermal 

equilibrium of a star. There are various forms of equations of state, including polytropic, 

vander waals, chaplygin, quadratic, and linear. Researchers have tried to investigate an 

EOS that can describe all the large-scale structures and cosmological phenomena due 

to an inadequate understanding of the exact structure, nuclear interaction, and matter 

composition of the stars [44-46]. There have been a number of publications describing 

extra-high density physics using EOS. 

In recent years, quark matter has been identi ed as a component that plays a crucial 

role in compact star formation, particularly in the core region, where nuclear matter is 

abundant. The physical processes that determine how quark matter behaves at extremely 

high densities are still being investigated. Due to this, the astrophysicists have also turned 

their attention to nding an exact solution to EFEs using LEOS. Several researchers used 

the linear EOS in solving the eld equations and in predicting the behavior of quark 

matter in an anisotropic domain [47-50]. They have also modeled quark stars in the MIT 

Bag model by employing a linear EOS. An extensive study has been conducted by Varela 

et al on the signi cance of an EOS in stellar models [51]. Based on a particular form of 



International Journal of Multiphysics 

Volume 18, No. 4, 2024 

ISSN: 1750-9548 

1337 

 

 

gravitational potential and isotropic pressure, Komathiraj and Maharaj also found a new 

class of exact solutions to the Einstein-Maxwell equations [52]. Mak and Harko have also 

developed a model that explains exactly how an anisotropic quark matter distribution is 

governed by a linear EOS [53]. 

Recently, strange stars (SSs) have attracted considerable attention from researchers 

due to the possibility that compact objects can emit Gravitational Wave Echoes (GWEs). 

These hypothetical stars possess unique structural and compositional characteristics. It 

has been discovered that SSs can be ultra-compact stars exhibiting a compactness, su - 

cient to emit GWE reported in [54-55]. Taking this into account, Bora et al investigate 

three models of strange star EOSs, the MIT bag model, linear and polytropic models, for 

a comparative study [56].They also investigate the possibility of GWE, for these di erent 

EOSs. According to this study, not all SSs are capable of emitting GWEs. The emission 

of GWEs can only be achieved by SSs with the MIT Bag model and linear EOS which 

meet the criteria for compactness and possess a photon sphere. A star simulation can 

now be performed using Einstein's eld equations, resulting in signi cant advances in the 

modelling of star interiors. Researchers have employed a variety of mathematical meth- 

ods to obtain exact solutions for quark stars based on linear EOS [57- 62]. The research 

of patel et al. developed compact star models by incorporating anisotropy into the Finch- 

Skea spacetime model by employing a generalized EOS [63]. As a result of this equation, 

they can explore a wide range of physical conditions and provide insight into how matter 

behaves under extreme gravitational conditions (linear, quadratic, polytropic, Chaplygin, 

and CFL). The work of Nasheeha focuses on the modelling of anisotropic compact stars 

using Einstein eld equations based on a generalized equation of state (EOS) and phys- 

ically reasonable metric potential, allowing models with di erent types of EOSs to be 

extracted, including linear, quadratic, polytrope, Chaplygin and color- avor-locked [64]. 

In describing compact stars with an anisotropic matter distribution, Sharma and Maharaj 

developed new solutions for EFEs by assuming a particular mass function. These solu- 

tions are distinguished by the fact that they have the potential to be applied to strange 

stars containing quark matter through the use of linear equations of state [65]. Further- 

more, Thirukkanesh and S D Maharaj investigate compact anisotropic stellar models for 

strange stars consisting quarks under the in uence of electromagnetic elds with linear 

EOS [66]. In addition, they found three classes of new exact solutions to the Einstein 

Maxwell system by specifying particular forms for gravitational potentials and electric 

 eld intensities. Babichev et al. examine the cosmology of a perfect uid using a linear 

equation of state to describe both hydrodynamically stable and unstable uids [67]. A 

particular feature of the cosmological model considered by them is that it describes the 

hydrodynamically stable dark energy (and phantom energy). Esculpi proposes two novel 

sets of compact solutions for a spherically symmetric distribution of matter. These so- 

lutions entail an anisotropic uid sphere endowed with an electrical charge, seamlessly 
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connected to the Reissner Nordstrom static solution by means of a surface characterized 

by zero pressure [68]. According to Nilsson et al, Einstein's eld equations are recast 

as three-dimensional regular ordinary di erential equations on a compact state space for 

static spherically symmetric perfect uid models with a linear barotropic equation of 

state [69]. Moreover, Pant and Fuloria [70] have published a comparison of linear and 

quadratic models of dense stellar systems. 

Motivated by the above research work, in the present study we have used a particular 

form of gravitational potential and a linear equation of state to provide new solutions 

to the eld equations. The entire investigation has been organized into nine sections. 

In section 2, the necessary physical conditions have been provided that must be met in 

framing the stellar models. A description of the Einstein eld equations is provided in 

section 3. A newly proposed solution of anisotropic compact star model is explored in 

section 4. In Section 5, the matching conditions at the boundary of the interior and 

exterior spacetime metrics are discussed. There is a discussion of the physical properties, 

including the central pressure and density values, in section 6. Detailed physical viability 

and stability of the proposed model is provided in section 7 for all compact stars. In 

Section 8,we provide a brief summary of the results. 

 

2 Conditions for physical admissibility: 

In order to be physically feasible, a compact uid sphere must meet the following 

conditions: 

1. Regularity Conditions: The important requirement for a physically viable stellar 

structure lies in the well-de ned nature of metric potentials at the center. Within 

compact uid spheres, the metric potentials must be nite and regular without any 

physical or geometric singularities. 

2. Continuity of internal and external metrices: It is essential that both internal 

and external metrics must be continuous across the boundary of a stellar structure 

to be physically valid. 

3. Equality of radial and transverse pressure at centre of star: Both pressures 

radial and transverse shares equal values at the centre of stellar structure i. e. 

i.e.pr(0) = pt(0). On approaching the boundary of the star the radial pressure 

vanishes while transverse pressure persists. 

4. Positive and monotonic trends of density and pressures: The physically 

valid stellar structure necessitates that, inside the stellar structure, both density 

(ρ) and pressure (pr, pt) should be positive and nite, with their maximum values 

occurring at the center, mathematically represented as i.e. ρ ≥ 0, pr ≥ 0, pt ≥ 0, 
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dr 

dpr 

dr 

ρ 

dρ 

dpt 

t r 

and a monotonically decreasing trend of both on approaching towards the boundary 

surface of star. 

5. Gradients of density and pressure: The gradients of density and pressure must 

be negative inside the stellar structure, indicating the decrease trend in these pa- 

rameters towards the stellar boundary, mathematically dρ ≤ 0,  dr  < 0, dpt < 0 . 

 

6. Anisotropic factore and monotonic variation: The anisotropic factor ∆ = 

pt − pr is also a crucial parameter, mandated to be zero at the centre of star due to 

equal values of both pressures. On moving towards the boundary the anisotropic 

factor should monotonically increase, re ecting the evolving balance between radial 

and transverse pressures within the star. 

7. The pro les of the ratio of stress tensor to energy density
  

pr +2pt

  
must be less 

than one and should decreasing in radially outward direction. 

8. Causality conditions: The full llment of causality condition must be important. 

The speed of sound should exhibit a monotonic decreasing function towards the 

surface. The radial and transverse velocities must be less than the speed of light 

inside the star, mathematically manifesting as i.e. 0 ≤ dpr ≤ 1, 0 ≤ dρ ≤ 1. 

9. Both the gravitational and surface redshifts should be positive and nite. There 

should be a monotonical decrease in gravitational redshift with increasing radius, 

while the surface redshift should increase as the radius increases and equal to the 

gravitational redshift at the surface. 

10. Energy conditions: It is necessary to impose some conditions on the linear rela- 

tionship between energy density and pressure of anisotropic compact stars, which 

are commonly known as energy conditions. All energy conditions must be met 

simultaneously by the solution. 

11. Equilibrium condition: In order to achieve equilibrium, the solution must satisfy 

the TOV equation, also known as the balancing force equation [71-72]. 

12. Stability conditions: (a) Herrera (1992) proposed the cracking method to exam- 

ine the stability of an anisotropic stellar uid the radial perturbations [73]. Later, 

by utilizing this cracking concept, Abreu et al. (2007) formulated the stability con- 

dition for an anisotropic uid model. According to this condition, for a compact 

star −1 ≤| v2 − v2 |≤ 0 must be satis ed [74]. 

(b) Within compact star models, the adiabatic index must be greater than 4/3 for the 

relativistic isotropic uid con guration to remain stable. 
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2 

3 Einstein  eld equations 

In this study, we intend to develop anisotropic compact stellar models that depict the 

interior of dense stars. Initially, we start with a line element in curvature coordinates 

that is static and spherically symmetric. It can be written as follows 

ds2 = eνdt2 − eλdr2 − r2(dθ2 + sin2θdϕ2) (1) 

We can express the energy-momentum tensor of a star assuming that anisotropic matter 

 lls its interior as follows 

Tij = (ρ + p−)uiuj + p⊥gij + (pr − p⊥)χiχj (2) 

whereρ, pr, p⊥ is the matter density, radial pressure, and tangential pressure respecvtively. 

ui, χi stands for the four-velocity of the uid and unit spacelike four-vector directed 

radially so that uiui = −1, χiχj = 1 and uiχj = 0. Einstein's eld equations can be 

derived from spacetime metric (1) and energy-momentum tensor (2) as follows: 
 

8πρ = 
1 − e−λ 

r2 

λ
′ 
e−λ 

+ 
r 

(3) 

 

 

8πpr = 
e−λν

′ 

+ 
r 

e−λ 1 
(4) 

r2 

 

 

8πpt = 
e−λ 

 
 

4 
2ν

′′ 

+ ν
′2 − 

′ ′ 2ν 
ν λ + 

r 

2λ′ 
— 

r 
(5) 

The anisotropic factor can be de ned by making use of Eqs. (4-5) as follows 
 

 

8π∆(r) =8π(Pr − P⊥) 

e−λ ′′ ′ ′  ′ 

4 
2ν + ν − ν λ −

 

 
2(λ′ + ν

′ 
) 

+ 4 
r 

 
  

e−λ − 1
 (6) 

 
 

 

A prime (') represent a di erentiation with respect to r. The system of equations from 

(3-5) determines how an anisotropic uid distribution behaves in the gravitational eld. 

 

4 New Generated physically viable Model 

As a rst step toward developing a physically plausible representation of the stellar sys- 

tem, it is assumed that the metric potential grr is expressed as follows: 

r2 

  ′   
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′ 

— 

eλ = 1 + ar2 + br4 (7) 

Where, two constant parameters, a and b, whose units are km−2 and km−4 respectively, 

determined from the matching conditions. Earlier, Tolman [75] proposed this metric 

potential, which was later adopted by Biswas et al. [76] for modelling realistic compact 

stellar objects. In the past, several authors have used this ansatz to model compact stars 

[77-78]. This ansatz is characterized by being free from the central singularity and having 

a monotonous increase with r. Equation (7) and (3) leads to, 
 

1 (1 + ar2 + br4)−1 
ρ = 

r2 

(2ar + 4br3)(1 + ar2 + br4)−2 
+ 

r 
(8) 

The density ρ(r) represented in the above expression is nite at the centre of the star. 

Since the EOS provides the valuable information about the properties of di erent mix- 

tures of liquids, substances, and other constituents of matter inside a star. Hence many 

researchers have presented a lot of research ideas on the linear equation of state. Our 

model considers an EOS whose density ρ and pressure prare linearly related as follows 

 

pr = Aρ − B, (9) 

where, A and B represents the constants. The following condition is used to determine 

the radius of the star 

 

 

 

yielding, 

pr(r = R) = 0, (10) 
 

 

B = Aρa (11) 

On Substituting the Eq. (11) into 9), it gives 

 

Pr = Aρ − Aρa = A(ρ − ρa). (12) 

From Eqs. (12) and (5), the obtained expression for ν is given as follows 

ν′ = re A(ρ − ρa) − 

 
e−λ − 1

  
 

 

 
 

(13) 

 

ν′ = A 2 ar + br3
  2ar + 4br3 

2 
+ 

1 + ar2 + br4 − 3αr(1 + ar + br4) (14) 

r2 

λ
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

 

— 


 

2 

2 2 4 3 2 


 C + ALog (1 + ar2 + br4) + (1 + A)

  
ar2 

+ br4
  

 

2 4 2 

16π (ar2 + br4 + 1)2 
(17) 

4r 

  

a + 2br 
 — 

3 

2 


 

32πr (ar2 + br4 + 1)2 
(18) 


 a + 3br2 − 3α − 9aαr2 − 15bαr4 


 

(2a+12br )(1+ar +br )−(2ar+4br )  
+ 

(1+ar2+br4)2 

 

 
  

ν = 
  −α

 
3Ar2 + 3Aa r2 + Abr6

  4 (16) 
  

where, C is integration constant. Making use of the Eqs. (4-5) we can also obtain the 

expressions for pr, ptas follows 

 

n
2A(3a + (a2 + 5b)r2 + 2abr4 + b2r6) − 3Aα

 
ar2 + br4 + 1

  
a + 2br4 + 2

 , 

 

 
 

 

 

 



  2
  4 


  (A + 1)r a + br2

 
+ 

  
 

 

2Ar (a + 2br2) 

ar2 + br4 + 1 


  

 
  +(r + ar3 

 
+ br5) 


  (A + 1)r a + br2

 
+ 

2Ar (a + 2br2) 2 

ar2 + br4 + 1 
  

  

  
 −

3 
αAr

 
a + 2br4 + 2

  
  

 

 
  +2r(1 + ar 

 

 
+ br4) 





 (A + 1) 
 
a + 3br2 

4A (ar + 2br3)2 
— 

(ar2 + br4 + 1)2 



 
    

   2A (a + 6br2) 3 4 
   

  

 + 
ar2 + br4 + 1 

− 
2 

αA a + 10br + 2   
 

pr = 

2 − 2br 

αAr 

ν′′ = a + 3br2 + A (15) 

+ 
a + 2 + 2br4 

pt = 

    

2 

2 
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 −2(1 + 2ar + 3br ) 



 

 2 


 

    

    

r 

r 

r=R 

ar2 + br4 + 1 
− 

2 
αA 

32πr (ar2 + br4 + 1)2 

+ 2   

  

— 

— 

∆ = 

  
4r3(−b + (a + br2)2) 

  

  


 (1 + A)r(a + br2) 


 

2 4 

  
+ 

2Ar (a + 2br2) 
 

 

ar2 + br4 + 1 

3 
— 

2 
αAr a + 2br4 + 2     

 
+(r + ar3 + br5) 

2Ar (a + 2br2) 
 

 

ar2 + br4 + 1 

3 
— 

2 
αAr a + 2br4 + 2 

  

  

 
(19) 

  
 +(1 + A)r(a + br2) 

   
 

 
  +2r(1 + ar 

 

 
+ br4) 





(A + 1) 

 
a + 3br2 

4A (ar + 2br3)2 
— 

(ar2 + br4 + 1)2 
  

  
  2A (a + 6br2) 3 

 
  

 

4 
   

  

 

 
5 Boundary Condition 

At the boundary of stellar con guration, we should match smoothly the metric of interior 

spacetime with the schwarzschild exterior spacetime 
 

 

ds2 = 
2m 

1 dt2 
r 

2m  −1 

1 
r 

dr2 − r2dΩ2 (20) 

Where, dΩ2 = (dθ2 + sin2θdφ2), and M = m(R) represents the total mass at boundary 

R. When the metric functions are continuous at the boundary (r = R), we obtain the 

following result 

 

 

 

 

 

 

 

Another necessary condition is 

 

 
−λ 
r=R 
 
 
 

 
ν 
r=R 

=

  

1 − 
2m

 

(21) 
 

 

=

  

1 − 
2m

 

(22) 

pr(r=R) = 0 (23) 
 

Taking into account the continuity for both metric matching e−λ ν 
r=R , the following 

constants can be determined:  

 
2M (1 + bR4) bR5 

a = 
r2 (R − 2M ) 

 

 

(24) 

e 

e 

= e 

a + 10br 

2 

— — 
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r 2 4 2 

2 

Also, the necessary condition pr(r=R) = 0, at the boundary yields 

4 


 Log

 
1 − 2m

 
+ α

  
3Ar2 + 3Aa r2 + Abr6

 
 

C = 
  −ALog (1 + ar2 + br4) − (1 + A)

  
ar2 

+ br4
  

  
(25) 

 

 
3α 

ρ − 
8π 

= 0 (26) 

 

 

 

 

As ρ is positive, α is also positive. 

8πρ 
α = 

3 
(27) 

 
6 Prerequisites for a solution to be well-behaved 

There are several conditions that has been checked before to validate the constructed 

stellar models. These conditions have been checked for the stars CENX − 3, 4U 1820 − 

30, PSR1903 + 327, 4U 1608 − 52, PSRJ1614 − 2230 and SMCX − 4. 

 

6.1 Regularity Conditions of metric potentials: 

The important features regarding the metric potentials eλ(r ) ≥ 0, eν(r) ≥ 0, 0 ≤ r ≤ a. 

are demonstrated in Fig.(1a) and Fig.(1b). As a result, we are able to select parameters 

that are appropriate for our model based on the conditions described above. The Eqs. 

(7) and (16), shows that eλ(0) = 1 and eν(0) = constant. In addition, both the derivatives 

of the metric functions at the center are zero. Thus, from these features one can conclude 

that the metric functions of both type are showing regular and well behaved pattern 

inside the stellar structure. 

 

 

6.2 Trends of density and anisotropy: 

The graphical patterns of density and anisotropy are shown in Figs. (2a) and (2b), 

portraying the well behaved patterns of all these physical quantities. 

 

 

6.3 Monotonic decrease of pressures: 

The trends of pressures (radial and transverse) are illustrated in Figs.(3a) and (3b), 

depicting that inside the stellar con guration they both are  nite and positive at the 
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dpt 

dr dr dr 

centre. As one moves towards the boundary, pr is zero, while pt is not. 

 

 

6.4 Trends of Gradients 

Realistic stellar models should exhibit the following characteristics dρ ≤ 0, dpr ≤ 0, ≤ 

0 for 0 ≤ r ≤ R. All of these requirements are met by the current proposed model 

depicted in Figs.(4a, 4b and 4c). Furthermore, the well-behaved nature of the stress 

tensor has been portrayed in Fig.(4d). 

 

 

6.5 Equation of states 

There is also a need to discover a relationship between pressure and density, konwn as 

equation of state. The well behaved nature of equation of states throuout the stellar 

structure are also depicted in Figs. (5a) and (5b), validating the physical viability of 

proposed model. 

 

 

6.6 Energy Condition: 

The following inequalities must be simultaneously satis ed at every point within an 

anisotropic uid sphere to constitute a physically acceptable matter composition. Figs. 

(6b, 6c, 6d and 6a) shows that each of the energy conditions, namely Null Energy Con- 

dition (NEC), Weak Energy Condition (WEC), Dominant Energy Condition (DEC), 

Strong Energy Condition (SEC), and Trace Energy Condition (TEC) respectively, all are 

satis ed by our model. 

 

 

 

(a) (b) 

Figure 1: (a) Outmarch of metric potentials e−λ, and (b) eν, against fractional radial coordinate 

r/rb 
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(a) (b) 

Figure 2: (a) Outmarch of density ρ, and (b) anisotropy (△), against fractional radial coordinate 

r/rb 
 
 
 
 
 
 
 
 

 

(a) (b) 

Figure 3: (a) Outmarch of radial pressure pr, and (b) transverse pressure pt, against fractional 

radial coordinate r/rb 
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dr dr 

dr 

 

 

  

(a) (b) 
 

(c) (d) 

 
 
 

 

Figure 4: Plots of, (a) Density gradient 
dρ 

, (b) Radial pressure gradient 
dpr , (c) Transverse 

pressure gradient 
dpt , (d) Stress tensor, with fractional radial coordinate r/rb 

 
 
 
 
 
 
 

 

(a) (b) 

Figure 5: Plots of, (a) equation of state ωr(r), and (b) ωt(r) , with radial coordinate r/rb 
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r 

  

(a) (b) 
 

(c) (d) 
 
 
 

 

Figure 6: Trends of di erent energy conditions with fractional radial coordinate r/rb 

 

(i) NEC :ρ + pr ≥ 0, ρ + p⊥ ≥ 0, 

(ii) WEC : ρ + pr > 0, ρ > 0, 

(iii) DEC : ρ > |pr|, ρ > |p⊥|, 

(iv) SEC : ρ + pr + 2p⊥ ≥ 0, 

(v) T EC :ρ − pr − 2p⊥ ≥ 0. 
 

 

6.7 Monotony Condition 

6.8 Mass radius relationship and compactness factor 

Since the mass function m(r) is connected to the metric potential by the relation e−λ = 

1 − 2m , Based on this, the mass function can be obtained as follows: 
 

m(r) = 4π r2ρ(r)dr = 
1 

0 2 

 r  
r − 

(1 + ar2 + br4) 
(28) 

m(r) 1 2 
u(r) = 

r 
= 

2 
− 

2(1 + ar2 + br4) 
(29) 

∫     r 
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b 

r 

t 

dρ 

0 ≤ 

dρ 

t r 

  

(a) (b) 

Figure 7: Plots of, (a) mass function m(r), and (b) compactmess factor u(r), with radial coordinate 

r/rb 

 

Figs. (7a) and (7b) illustrates the graphical pro les of mass function and compactness 

respectively. There is a monotonic increase in both these functions with respect to 'r/r′ . 

 

 

 

6.9 Causality Condition: 

v =

s
dpr  

=
√

A (30) 

dρ 

 

v =

s 
dpt 

 
 
 

 
(31) 

dρ 

Inside the stellar con guration, the causality condition requires that 0 ≤ dpr ≤ 1 and 
dp⊥ 
dρ ≤ 1. The sound speed must be between 0 and 1. Also Eq.(9) shows that 

dpr (r = 0) = A. From the table 1, 0 ≤ A ≤ 1. All features are satis ed by the proposed 

model as shown in their graphical pro les Figs. (8a) and (8b). 
 

 

 

 

 

7 Physical Viability and Stability 

7.1 Herrera condition for stability 

Herrera's cracking concept [71] can also be used to assess the stability of anisotropic stellar 

models. It is proposed that the "no cracking" concept is crucial for the potentially stable 

region |ν2 − ν2| ≤ 1 in order to achieve a stable con guration. To validate our model, this 
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t r 

t r 

pr dρ 

  

(a) (b) 

Figure 8: Outmarch of, (a) Radial velocity, (b) transverse velocity, with the fractional radial 

coordinate r/rb. 

 

condition is extended by Abreu et al. [72], to analyze potentially stable regions within 

the stellar con guration as follows: 

 

 

−1 ≤ ν2 − ν2 ≤ 0 ⇒ Potentially Stable, 

 

0 ≤ ν2 − ν2 ≤ 1 ⇒ Potentially Unstable, 

 

As can be seen from the plots in Fig. (9a), the di erence between square of sound 

speeds falls within the range of −1 and 0. Therefore, it is apparent that our model meets 

the stability criteria. 

 

7.2 Adiabatic index for stability 

In a relativistic anisotropic stellar con guration, the adiabatic index de nes the stability 

of the system represented as 

Γ =

  
ρ + pr

  
dpr 

 

(32) 
 

Any stellar con guration will remain stable if the adiabatic index is greater than 4/3, 

which physically characterises the sti ness of the EOS for a given density. Moreover, the 

pro le of the adiabatic index shown in Fig.(9b) inside the stellar interior is monotonically 

increasing and surpassing 4/3 everywhere. 
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µ 

′ 

(     




( 

2 
r t r 

dr 

16π (ar2 + br4 + 1)3 
(37) 

′ 

  )   

  

(a) (b) 

Figure 9: Graphical Pro les of, (a) square of velocity di erence, (b) adiabatic index, with the 

fractional radial coordinate r/rb 

 

7.3 Stability under three di erent forces 

There are three forces that in uence a star in order to maintain static equilibrium: hydro- 

static force (Fh), and anisotropic force (Fa), gravitational force (Fg). Fig. (10a,10b) illus- 

trates the conservation equation that is described by the Tolman-Oppenheimer-Volko 

(TOV) equation 

 

∇ Tµν = 0 (33) 

Utilizing the Eq. (2) into (33) the following equation can be obtained: 

 
ν 2 dpr 

— 
2 

(ρ + pr) + 
r 

(pt − pr) = 

The above equation may also be expressed as 

. (34) 
dr 

 

Fg + Fa + Fh = 0, (35) 
 

 

 

where, F 
ν  

= − (ρ + p ), F 
2 

p − p ) and F = −
dpr 

(36) 
 

 

 

3αA ar2 + br4 + 1 a + 2br4 + 2 

  −2(A + 1)
 

r2
 

a2 + 5b
 

+ 2abr4 + 3a + b2r6
 

  
  

−2r3(a2(A + 1) + 5Ab + b) − 4a(A + 1)br5 

+3αAr
 

ar2 + br4 + 1
  

a + 2br4 + 2
 

− 2a(3A + 1)r − 2(A + 1)b2r7 

)
  

 
 

g a = 
r 
( h 

Fg(r)= − 
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"
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3br4
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+ ar2
 

a2 + 13b
 

+ 5a2 + 3ab2r6 + b3r8 − 5b
}# 

  

+(2 − 2br ) 
 3 

2 

    

  

 

2 

4A ar + 2br3 

 

ar2 + br4 + 1 2 
a 

16π (ar2 + br4 + 1)3 

4 

  

F (r)= 

  

(a) (b) 

Figure 10: Plots of di erent forces Fa,Fh,Fg, (a) For stars CenX − 3, 4U 1820 − 

30, and PSRJ1903 + 327 , (b) For stars 4U 1608 − 52, PSRJ1614 − 2230, and SMCX − 4, with 

radial coordinate r/rb. 

 

 

 

 

 

Ar 

Fh(r) = 
 

 
  

 
  

3aα ar2 + br4 + 1 a 2b r2 1  r2 + 2 

8π (ar2 + br4 + 1)3 
(38) 

 

 
−4r(a + 2br2) − 4Ar(3a + (a2 + 5b)r2 + 2abr4 + b2r6) 

+6αAr
 

ar2 + br4 + 1
  

a + 2br4 + 2
 

+  

  


 (A + 1)r 

 
a + br2

 
+ 

 
 

2Ar  a + 2br2 

ar2 + br4 + 1 
  

  

 
 

r 
  +(r + ar3 

 
+ br5) 


(A + 1)r 

 
a + br2

 
+ 

2Ar  a + 2br2 

ar2 + br4 + 1 


  

   − 
3 

αAr
 

a + 2br4 + 2
     

 

 
 

  2 4  
 (A + 1) a + 3br 

— 
(ar2 + br4 + 1)2 

+    
2r ar 

  

 

+ br + 1 

 
2A a + 6br2 3 

— αA a + 10br4 + 2 
 


 

 

 

 

The Figs.(10a and 10b) shows that the system is maintained in static equilibrium by 

hydrostatics and anisotropic force being positive, while gravitation is negative. 

a + 2br4 + 2 

2 

(39) 

— αAr 

2 
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(a) (b) 
 

(c) 
 
 

 

Figure 11: Plots of, (a) gravitational redshift, (b) surface redshift, (c) both redshifts combined, 

with radial coordinate r/rb 

 

7.4 Gravitational Redshift and Surface Redshift 

The surface redshift zs of the stellar con guration can be obtained as follows 
 

 

zs = 
2m  −1 

1 
r 

— 1 = −1 + 
√

(1 + ar2 + br4) (40) 

The gravitational redshift of the stellar con guration 

 

zg = e−ν/2 − 1 (41) 

 

 

 

Figs.(11a) and (11b) show the pro les of gravitational and surface redshift as a func- 

tion of r/rb. Fig.(11a) shows the pro le of gravitational redshift in relation to r, indicating 

a monotonous decrease in the redshift, while the surface redshift in Fig.(11b) monotoni- 

cally increases with the increase of fractional coordinate "r/rb". A combination of both 

gravitational and surface redshifts are shown in Fig. 11c. The concept of surface red- 

shift is useful in explaining how an equation of state of stars is in uenced by its internal 

particles. Our model predicts a stable compact star based on a pro le of gravitational 

— 
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Table 1: Numerical values of di erent physical parameters entails in the present 
study of di erent comapct stars CENX −3, 4U 1820−30, PSR1903+327, 4U 1608− 
52, PSRJ1614 − 2230 and SMCX − 4 

S. No. Name of Star A b(km−4) a(km−2) α C 

1 CEN X-3 0.185 0.00000045 0.003038861 0.003038861 -0.661989865 

2 4U 1820-30 0.185 0.00000045 0.003035943 0.003035943 -0.702167003 

3 PSR 1903+327 0.185 0.00000045 0.003034214 0.003034214 -0.738780706 

4 4U1608-52 0.185 0.00000045 0.00305457 0.00305457 -0.779277188 

5 PSR J1614-2230 0.185 0.00000045 0.003166455 0.003166455 -0.912433613 

6 SMC X-4 0.185 0.00000045 0.003028275 0.003028275 -0.574093333 

 

redshift and surface redshift. 

 

Table 2: Comparison of observational values and calculated values of masses 
and radii for the compact stars CENX − 3, 4U 1820 − 30, PSR1903 + 327, 4U 1608 − 

52, PSRJ1614 − 2230 and SMCX − 4 

 

S. No. Name of Star Observed Observed Calculated Calculated 
  value 

M (Mo) 
value 

R (km) 
M (Mo) R(km) 

1 CEN X-3 1.49  0.08 9.178  0.13 1.49 9.17000 

2 4U 1820-30 1.58  0.06 9.316  0.086 1.58 9.31599 
3 PSR 1903+327 1.667  0.021 9.438  0.03 1.66 9.43799 
4 4U1608-52 1.74  0.14 9.528  0.15 1.74 9.52799 
5 PSR J1614-2230 1.97  0.04 9.69  0.2 1.97 9.69000 
6 SMC X-4 1.29  0.05 8.831  0.09 1.29 8.83100 
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Table 3: Calculated values of Central density, central pressure, compactness 
parameter and surface redshift for the compact stars CENX − 3, 4U 1820 − 
30, PSR1903 + 327, 4U 1608 − 52, PSRJ1614 − 2230 and SMCX – 4 

 

 

S. No. Name of Star ρc(gm/cm3) pc(dyne/cm2) u = 2M/R zs  

1 CEN X-3 0.9154314 ∗ 10 7.09722 ∗ 10 0.324972737 0.217136659  

15   34    

2 4U 1820-30 0.9457380 ∗ 10 7.60961∗10 0.339201374 0.230170857  

15   34    

3 PSR 1903+327 0.9741371 ∗ 10 8.08707∗10 0.351769443 0.242039049  

15   34    

4 4U1608-52 1.0136183∗10 8.68981∗10 0.365239295 0.255148129  

15   34    

5 PSR J1614-2230 1.1678239 ∗ 10 10.9573∗10 0.406604747 0.298159232  

15   34    

6 SMC X-4 0.8462128 ∗ 10 5.97320∗10 0.292152644 0.188584857  

15   34    

 

8 Discussion and conclusions: 

Using an anisotropic material distribution and a physically plausible metric poten- 

tial, we obtain a new well-behaved solution of the Einstein eld equation for spherically 

symmetric uid spheres. The present study involves the development of compact stellar 

models for six stars, including CENX − 3, 4U 1820 − 30, PSR1903 + 327, 4U 1608 − 

52, PSRJ1614 − 2230 and SMCX − 4. Several constants (A, b, a, α, C) associated with 

the present solution have been determined via the boundary conditions in which the 

interior line element must be compared with the exterior Schwarzschild line element 

at the stellar boundary. By plugging the values of these constants into expressions, 

we portrayed a variety of physical variables graphically. In table 1 we have presented 

the values of all these constant parameters (A, b, a, α, C) for all six stellar candidates 

CENX −3, 4U 1820−30, PSR1903+327, 4U 1608−52, PSRJ1614−2230 and SMCX −4. 

 

The graphical representation of the pro les of the metric potentials are depicted in 

Figs. (1a) and (1b), that increases as we move from the center towards the boundary with 

the radial coordinate (r). The graphical pro les of physical parameters, namely matter 

density (ρ), radial and transverse pressure (pr, pt) are provided in the Figs. (2a), (3a) 

and (3b) respectively. At the center, these parameters have positive de nite values, and 

as they move towards the boundary, they decrease monotonically. When the boundary 

is reached, the radial pressure falls to zero, but the transverse pressure and matter den- 

sity remain non-zero values. These variables are decreasing in nature, which provides a 

strong foundation for the stability of our models. According to Fig (2b), the anisotropic  
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9 

dρ dρ 

t r 

factor increases from the center toward the boundary when moving away from the center. 

According to the positive anisotropy, the transverse pressure pt prevails over the radial 

pressure pr, demonstrating that the force is repulsive in nature and that the compact 

structure is anisotropic. It can also be seen from gure that the anisotropy disappears at 

the central point of the model, which is a necessary condition for a structure to be phys- 

ically acceptable. The Figs. (4a, 4b and 4c) represnts that there are negative values for 

density gradients, radial pressure gradients, and transverse pressure respectively. There 

are negative gradients within the stellar structures, which con rm the decreasing trends 

in density and pressure. From Fig (4d) we observe that the ratio of the trace of stress 

tensor to the energy density remains below one and a monotonic decrease is observed 

from the center of the star to its boundary. 

In Figs. (7a, 7b), we examine the variation of the compactness factor and mass 

function with respect to radial coordinates r. The compacti cation factor of compact 

stars increases with distance from their centers to their surfaces and is estimated to fall 

within the Buchdahl limit (u < 4 ). A graphic representation of the four energy conditions 

are provided in Figs. (6a, 6b, 6c and 6d), illustrating the null energy condition (NEC), 

the weak energy condition (WEC) and the strong energy condition (SEC), trace energy 

condition (TEC) respectively for our model. Based on the graph in Fig. (11a), it is 

apparent that gravitational redshift decreases while surface redshift displayed in Fig. 

(11b) is positive, nite, and monotonically increasing with increasing radial coordinates. 

From the graph (8a, 8b), it is clear that both radial and transverse velocities are less 

than unity (0 < dpr < 1 and 0 < dp⊥ < 1) within stellar structures, con rming that our 

model follows the causality condition. The inequality of Herrera's cracking concept −1 ≤ 

v2 − v2 ≤ 0 is an essential requirement for determining the stability of an anisotropic 

object, which is fully satis ed by CENX − 3, 4U 1820 − 30, PSR1903 + 327, 4U 1608 − 

52, PSRJ1614 − 2230 and SMCX − 4 as portrayed in Figs. (9a). In Fig. (9b), the 

adiabatic index pro le can be seen. From the gure, it is clear that the adiabatic index 
is Γr = ρ+pr dpr > 4 throughout the stellar structure, and therefore this model is stable 

pr dρ 3 

and non-collapsing. Fig. (10a) and Fig. (10b) illustrate the di erent types of forces. It 

can be seen from the gures, the dominant gravitational force (Fg) is counterbalanced by 

the simultaneous actions of anisotropic and hydrostatic forces (Fa and Fh). 

The results demonstrate that all thermodynamic variables and geometrical variables 

exhibit well behaved patterns, validating the stability criteria for CENX − 3, 4U 1820 − 

30, PSR1903 + 327, 4U 1608 − 52, PSRJ1614 − 2230 and SMCX − 4. The models can 

therefore be considered to be physically acceptable structures. We have also calculated 

the mass and radius of all six stars, as shown in table 2, by using the constants α, β, γ 

listed in Table 1 and the boundary conditionpr(r = R) = 0. The computed masses and 

radii of the compact stellar models CENX − 3, 4U 1820 − 30, PSR1903 + 327, 4U 1608 − 

52, PSRJ1614−2230 and SMCX −4 appears to be very close to those of Gangopadhyay 

et al. [79]. Moreover, for all these compact stellar objects, table 3 provides calculations for  
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the central density, central pressure, compactness factor, and surface redshift. Based on 

the results of this study, these models have the potential to have signi cant astrophysical 

implications speci cally for scientists involved in this eld of research. 
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