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Abstract

Considering an action in F(G) modified gravity, the static spherically symmetric solutions
are investigated. Introducing the Lagrangian multipliers a we obtain the Lagrangian and
equations of motion. we obtain two type solutions for these models. The first case leads to
Schwarzschild-de Sitter (anti de Sitter) solution and the other one, results in a new metric.
At last, the event horizon, the Hawking temperature and the generalized second law of
thermodynamics in the framework of the modified Gauss-Bonnet gravity for this solution
as a black hole are investigated.

1 Introduction

Recent accelerated expansion of our universe is one the most significant cosmological discoveries over the
lastdecade [1, 2, 3, 4]. This acceleration is explained in terms of the so-called dark energy. Many candidates
for the nature of dark energy have been proposed. The simplest suggestion for dark energy is cosmological
constant. But it suffers from two kind of problems [5]: fine tuning and coincidence problem. A dynamical
scalar field with quintessence or phantom behavior is another proposal for dark energy (for reviews see
[6]). An alternative approach for the gravitational origin of dark energy is coming from modification of
general relativity. Einstein s theory of gravity may not describe gravity at very high energy. The simplest
alternative to general relativity is Brans-Dicke scalar-tensor theory [7]. But among the most popular
modified gravities which may successfully describe the cosmic speed-up is F(R) gravity [8, 9]. For this kind
of modification, one assumes that the gravitational action may contain some additional terms which starts
to grow with decreasing curvature and obtain a late time acceleration epoch. An alternative class of
modified gravity models is the family of the string-inspired gravities by considering additional curvature
invariant terms such as the Gauss-Bonnet (GB) term [10]. Nojiri et al [11] showed that a particular dark
energy solution can be obtained from scalar-GaussBonnet cosmology. There is another version of the Gauss-
Bonnet gravity namely the modified GB or F(G) theory [12] that can also play the role of gravitational dark
energy. Alternatively, one can consider the Lagrangian density as a general function of the Ricci scalar field
and the Gauss-Bonnet invariant, F(R,G) [13, 14].

In this paper we investigate the static spherically symmetric solutions of F(R,G) models. Here we use the
method proposed in Ref.[15], for investigating static spherically symmetric solutions for a generic F(R)
model. The paper uses the signature (-,+,+,+) and repeated indices are to be summed. Units where c = A =
ks= G = 1 are used unless explicitly stated otherwise. The layout of the paper is the following. In sec.(2), the
action of F(R,G) gravity is considered, and the field equations are derived, then the effect of modified gravity
is considered as an effective stress-energy tensor. For the static spherically symmetric metric and using the
method of Lagrangian multipliers to obtain the lagrangian and equations of motion is discussed in Sec.(3).
In sec.(4), the static spherically symmetric vacuum solutions for a large class of these metrics are
investigated and the exact solutions are obtained. Then we have obtained the event horizons, Hawking
temperature and entropy of these solutions. Finally, sec.(5) is devoted to the discussion of our results.

2 Field equations and F(R, G) modified gravity tensor

We start work by considering the action of F(R, G)- gravity in metric formalism as

(1)
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S = [dix /=g ER + F(G)] +S,,
here R is the scalar curvature, F(G) is a function of G, where G = R*—

4R R +RuvapR*™ is Gauss-Bonnet invariant, Ry, R.pare the Ricci and the Riemann tensors respectively, and
S is the matter action. The field equations for the Eq.(1) are [16]

Guv = Tuv + 8[Rupvo + Rpvgou - Rpogvu - Ruvgpo + (2)
Ruogvp + R/2(guvgop - guogvp)1VpVoEG - (GEG - F)guv,

dF(G)
de
case of F(G) x G, we will recover the familiar Einstein field equations. By variation of action (1) with respect

to the metric, we obtain

where G is the Einstein tensor, Ty is an energy momentum tensor of matter andF; = . For the special

Gp.v = R;w - 1/2 Rg;w = G;i;(G): (3)

(G)
here,GW is an effective stress-energy tensor containing geometric terms as follows [16]

GFuv(G) = -8[Rupvo + Rpvgou - Rpogvu - Ruvgpo + Ruogvp + (4)
R/2(guvgop - guogvp)1VpVoEG - (GEG — F)guv.

In the next section, we would like to study the static spherically vacuum solution of the above model.
3 Static spherically symmetric vacuum solution

We take a generic form of metric for the static spherically symmetric solutions

X(r)

2 _ _ 2 | X)
ds“ = —B(r)dt +B(r)

dr? + r2df? + r?sinf%d¢?, (5)

where B(r) and X(r) are unknown functions of r.B The form of scalar curvature and Gauss-Bonnet term are
as

B"(r) B'(MX'(r) 4B'(r) (6)
X * 2X2(r)  rX(r)
2B(r)Xr(r) 2 2B

rX2%(%) 2 rZ2X(r)

— W [—2X(r)B(r)B"(r) — X(r)X'(r)B’'(r)

+ 3X' (BB’ (1) + 2X' (r)B(r)B' (1)
+ 2X2(r)B" (r) — 2X(H)B2(1)],

R =

G =

where "and " are first order and second order derivatives with respect to the radial coordinate r, respectively.

Introducing the Lagrangian multipliers a and making use of Eq.(6), we can rewrite the action Eq.(1) in the
vacuum as follows

_ 2 1 _B”(r) B’(r)x’(r)_4B’(r) 2B(MX'(r) 2 2B(r) _
§= fdtfr X(T')dT' [2( X(r) + 2X2(r) rX(r) + rX2(r) + r2 rZX(r)) + F@

(—ZX(r)B(r)B”(r) — X)X (B’ () + 3X'(r)B()B' (r) + 2X2(r)B" (r) — 2X(r)B’2(r))]]

2
r2x(r)3

a[G+

The variation with respect to G, gives

__dF(G) _
=0 _F, ©)
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Substituting « into Eq.(8), and by making an integration by part, the Lagrangian takes the following form

, / N _ rB'(r) | B() _ _rB'Mx'(n) 2 _
L(B,B,X,X.G,G)—,/X(r)[z(x(r) +I0 - X - R )+r (F — GFy)
4

55 GFes (B() — X(1) ] (10)

Varying with respect to X(r), one obtains the first equation of motion

4B'(r)G'F g

e (1- 30 (11)

B'(r) B(@) X))\ _
—2 (rX(r) r2X(r) T2 ) =0

_ 3B(r)
X()

(F - GF,G) -

The variation with respect to B(r) leads to the second equation of motion
2G'F.66 X' (1) B(r)X(r)
X3(r) X(r)?

By the variation with respect to G, we will recover Eq.(7). For a constant Gauss Bonnet invariant solution (G
= G0), from Eqgs.(7) and (11) and fixing X(r) = 1 we finally obtain the de Sitter (anti de Sitter) solution

(X(r) =3B(1)) + 4 (G"Fge + G'*Fee) = 0.(12)

B(r) = 1—§r2, (13)
with
—1fp _ FG)
A=1 (GO = (GO)), (14)

and Ro= 4A and.G, = 2 A2,

To have a unique solution for the metric Eq.(5) we must fix one of the metric elements. Let us assume
X(r) is a constant.

4 Solution with X(r) = constant

In the pervious section, we obtain equations of motion of the action Eq.(1) with the static spherically
symmetric metric Eq.(5). Now we want to investigate the vacuum solution for the case that, X(r) is a
constant. So according to assume X(r) = constant, from Eq.(12) one gets

2
Fee6G'™ + FgeeG" =0 = %F,G' (15)
then, the following equation will be obtained
Fe=ar+b, (16)

where a and b are integration constants.

As a simple case, let us choose X(r) = 1, so we can rewrite Egs.(5), (6) and (7) as

ds? = ~B(r)dt? + = dr? +17d9? + r’sind’dg? (17)
' —-4B'(r) 2B(r) , 2
R=-B"(r)— — 2 tw (18)
and
G = iz [B(r)B"(r) + B'*(r) — B"(r)]. (19)

By considering Eq.(16) and differentiating with respect to r of Eq.(11) and considering X(r) as a constant,
will lead to
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—rB"(r) + 2~ 24 4q (BB () + B2() - 32222+ E) =0 (20)
where% F¢ = G'Fg=q - The general solution of Eq.(20) is

B(r) = —1+ir. (21)

The Ricci scalar and the Gauss-Bonnet tell"lq'ls for this metric are

R==-2 G=—— (22)

rz2  2ar’ 4q27r2

By considering the above G, and using Eq.(16), we finally obtain F(G) as following
1
F(G) = (6)z + F, (23)

1
where Fois a constant, so we have R + (G)z + F,.

The solutions were obtained in Egs.(13) and (21) are black holes and we have event horizons. There
exists a real positive solution of B(r*) = 0 and we obtain

= i\/%, r =4a (24)
here r;t and 1 are the horizon radius of our solutions of Egs.(13) and
(21), respectively.

Hawking temperature of the black hole obtained as following [17]

dB(r)
Ty = 4 G rn (25)

dar

For our solutions and the horizon radius Eq.(24) the temperature is positive, when A > 0 or GoF.¢(Go) > F(Go)
for the solution Eq.(13) and a > 0 for the other solution.

Now we turn to apply these results to investigate the entropy. The entropy of the dynamical horizon,
can be determined by the Noether charge method [18], and one has [19]

Su="2(1+5Fp). (26)
For our solution Eq.(21) one gets
Sy="1>0. (27)
5 Conclusion

The static spherically symmetric solutions for R + F(G) gravity models are studied. We introduced theG:v(G)

as an F(G) gravity tensor and we saw, if F(G) « G then G:V(G): 0 and the Einstein equations will be recovered.

By considering a static spherically symmetric metric and by introducing the Lagrangian multipliers a and
using scalar curvature, we obtained the Lagrangian and equations of motion and for the constant Gauss-

Bonnet invariant G = Go the metric led to de sitter solutions with Ro = 4A andG, = SAZ.

. . dF(G .
However, for a large class of these metrics we obtained F; = d(G) = ar + bwhich a and b are constant

1
integrations. Substituting F¢ into equation of motion, a new metric is obtained and F(G) = Gz + F; as a
function of G.

Then the thermodynamics quantities for this metric as a black hole in the framework of the modified Gauss-
Bonnet theory of gravity are investigated.
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