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Abstract

Consensus measures are commonly used in research and typically rely on Likert
scales, focusing on the 5-point Likert scale. One of the main attributes of this scale is that it
is designed to work for any size. However, many of the researchers used the 5-point Likert
scale. While some researchers have attempted to generalize consensus measures to work
in two-dimensional space, this approach remains complex and challenging. In this work, we
generalize the measure of consensus to work for seven Likert scales using the
computational geometry of four-dimensional concepts. A numerical example and some
related concepts are provided.
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1. Introduction

The fact that in many cases, it is not advantageous for the society at large if the decision is imposed by a subset
of people—even if this subset includes more than half of the collective—as there may be other options that the
other members more accept and that increases the level of satisfaction overall—means that consensus-based
decision-making is crucial for achieving good group performance and, as a result, great individual satisfaction [4].

There are two main challenges in measuring the consensus within the seven Likert scales. Firstly, as in many
other fields of study, the measure of consensus depends on opinions, feelings, or beliefs. That means we do not
have the correct answer that can be "exact" to get or to compare with. Secondly, the difficulties of working in more
than two dimensions are directly proportional to higher dimensions [11]. In other words, there are more challenges
when the work depends on opinions and is in the 4-D space [5, 7]. Various researchers many years ago worked to
overlap the way of turning opinion and human thought into numbers [6]. Scales are the most common methods or
approaches for changing the ideas feeling to numbers. Likert, Guttman, and Borg scales were developed for this
purpose [2, 10]. Initially, the Likert scale data was used in two different ways: interval and ordinal [17].

This work depends on collecting the data on the ordinal Likert scale. Even though the five-Likert scale is the
most used, the seven-Likert scale is also used frequently in many studies. Seven-point Likert scale is more efficient
than the five-point scale [14]. More than one researcher believes that the more freedom you give the users in the
survey, the more accurate results you can get [1].

" Email address of the Corresponding Author: mushtag.k@uokerbala.edu.iq

1303


mailto:zainab.hasan@uokerbala.edu.iq
mailto:mushtag.k@uokerbala.edu.iq

International Journal of Multiphysics
Volume 18, No. 3, 2024
ISSN: 1750-9548

Although finding an accurate measure in two or three-dimensional space has some difficulties, there are several
works on measuring consensus in two or three-dimensional space [16]. One of the most common methods is based
on clustering algorithms, where the data points representing the group members are clustered together based on
their similarity in a two or three-dimensional space [8]. For instance, in social network analysis, consensus can be
measured by analyzing the clustering of nodes within a network [3]. Network nodes can be visualized in two-
dimensional or three-dimensional space to show their connection. The level of clustering within the network can
be assessed using techniques like modularity, which gauges how nodes are organized into communities [9].

Consensus-based decision-making is better for achieving group satisfaction than decisions imposed by a
majority. However, measuring consensus can be challenging, especially when dealing with subjective data like
opinions on a 7-point Likert scale. While there are established methods for measuring consensus in 2 or 3
dimensions, these methods become more complex in higher dimensions. The paper then explores existing
techniques for measuring consensus in different fields, including social network analysis, geographical information
systems, and game theory. These techniques examine how data points representing individuals or groups are
clustered or distributed in their respective spaces[18].

Another way to gauge agreement in two or three spaces involves examining data. For instance, consensus can
be assessed in geographical information systems by studying how data points from regions are distributed [12].
One method is to calculate autocorrelation, which determines the similarity between data points. Moreover, in game
theory, consensus can be evaluated by studying the equilibrium positions of games played in two or three spaces
[13]. These equilibrium points signify the stage where all players reach an understanding regarding the game's

outcome.

2. Mathematical Base

Forn = 7, itisrecalled that the set D(u, 6%) can be defined by:

Iy iepy =37 4+ 27k - 1o? k=0,1,2

Without losing generalizing, we replace p, = %, ps =y, ps = Z and p; = w, then we can determine the three
equations above for p; Wherei = 1,2,3 interms of x,y,z,and w. .

2

2pq 1 1 -5][c -2 -6 -12 =20 6
p2|=|-1 -1 4 [|p?|+]3 8 15 24 + 13 2)
2p; 1 1 =3llp -6 —-12 =20 =30 2

Since all the probabilities p,, p,,and p,, are positive and limitations of the subspace D(y, 02) can be specified

by:
;2612203 1 1 -5][¢*] [6
J1[3 8 15 24||=[[-1 -1 4 [|w*|+3 (3)
6 12 20 30ll<il1 1 =3lLlpl 12
W
To simplify (3), let us define t, u, and r as below:
t= hy(0?) = TR
u=u( =2 (4)

2

r =r(p) = max{2p — 5,p — 2,0}
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In the notation of (4), we can rewrite (3) as:

x,y,Zz,w = 0.

JE 5 % SRR S

Consequently, D(u, 6%) can be reduced to the set of all pairs (x,y,z,w) in the 4 —Dimensions space that
satisfy (5). Depending on the symmetry of the means concerning the midpoint p = 4, in the subsequent
discussions, we will restrict the range of the mean to 1 < p < 4. The leftover interval (4 <p < 7) can be
preserved as the symmetric reflectionof 1 < u < 4.

Since 1 < u < 4 and by using the statement of the variance boundaries for each given mean, see [1], we
can calculate the boundaries of t (the minimum and the maximum) by substituting each end of variance of t =
h(o?). In our case, for n = 7, to find max t (max,) we have:

max; = h(Uu)

h((w — D7 - w)
—w2+8u—-7+p:-3u+2

2
_5p—=5
T2
_ “‘1)
_5< 2
= 5u

Then, the minimum t can be obtained by substitute L, (1), L, (W), and L3 (W) only due to the similarity we

mentioned above. So we have min, = max{2m — 5,m — 2,0}

That will imply max, = h,(U,) = 5u,and min, = h,(L,) = r. Therefore, t = h,(¢?) is a linear (one-to-
one) mapping of the interval [L,, U,] onto [r, 5u]. The inverse of t = h,(¢?) is also a linear mapping of [r, 5u]
onto [L,, U,] given by 6* = hy'(t) = 2t — p* + 3p — 2.

To find the area D(y, 62), solve (6) for w as follows:

S T e A e
-

Since 1 < p < 4 by assumption, we have x = 0,and t > r = 2m — 5. These conditions imply.

—719l [” ) 321>

m— 4
20
and that means we get g,(x,y,z) < g, (x,y,2z). Hence, we get the following set relationship.
D(y,0%) = D;(n,0%) — D,(n,0%)

gZ(X;y:Z) _gl(X!Y!Z) = m(

<

<0

where

D;(p,0%) ={xyzw)| g,y 2z <w<gkxyz), 0<xyz<1}
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and
DZ(M! 02) = {(XFYP Z,W)l gl(X;y; Z) S w S g3(XIYI Z)’ 0 S X,Y.Z S 1}
In other words, the volume between two hyperplanes D, (i, 62) and D, (i, 62) In 4 - dimensions space has been

determined.

3. The intersection in Four Dimension

The work in four-dimensional space is more complicated and not straightforward to visualize than in two and
three dimensions. However, to understand the way of working in four dimensions, one must first know exactly
how it works in one, two, and three dimensions. The figures below are the shortest way to see how we can visualize

the graph in all these dimensions.

(b) \ © / /
two dimensio

zero dimension one dimension

) A

/ g

) e)
three dimension fo
Figure (1)

The graph in zero to four dimensions

Theoretically, the four-dimensional space R* is the set of ordered quadruples of real numbers:
R* = {(x,y,z,W):X,y,z,w € R}
One of the new objects we need to know in four dimensions is a Hyperplane. A hyperplane in R* is the set of
vectors s = (x,y,z w) that satisfy an equation of the form:
ax+by+cz+dw=20
Where a, b, c, and d are not all zero fixed real numbers. Note that the general hyperplane is composed of vectors.
V1, V3, V3, Not lying in a common plane, orthogonal to the average vector n = (a, b, ¢, d), which must be nonzero.
The intersection of two hyperplanes:
X + by + ¢z + diw = ayx + byy + ¢z + dyw = 0
with non-symmetric normal vectors n; = (a;, by, ¢y, dy)and n, = (a,, by, c,,dy) is a plane. For
instance,
x=0n(z=0)={0y0w): ywe R}
It is the yw — plane.
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The intersection of any two planes in three dimensions is a line or plane, but the problem is different in four
dimensions. The intersection of two planes in four dimensions usually, is a point 0. Imagine that, say, for example,
apointonthe yz — plane hasx = w = 0, while a point in the xw — plane hasy = z = 0, and that's mean the
only mutual point is (0, 0,0, 0).

If we want to understand how all the points represent and work in four dimensions, let go now with more
details using matrix concepts. Any point (x,y,z w) in the intersection satisfies all equations in (4). In matrix
languages, any point in the intersection should satisfy the matrix equation.

Av = 0
In other words, the intersection of four hyperplanes is the kernel of the matrix A, where.
kerA ={veR*: Av = 0}

By using the definition of the kernel, we can now say the intersection of two planes, or four hyperplanes, is

exactly one point when the kernel is trivial, i.e., kerA = 0. To be clearer, there are five possible dimensions for

any intersection, for general 4 x 4 matrix A, of kerA = 0:

kerA = 0 dimkerA = 0
kerA = aline dim kerA = 1
kerA = aplane dim kerA = 2
kerA = ahyperplane dimkerA = 3
kerA = R* dim kerA = 4

4. Computing Index of Agreement
Once we determine the area of D(y; 62), the rest of the work is the numerical integration to get the measure
of consensus. In [1], the consensus measure is stated as follows:
Jg(Hdt
WCAME 7 *)

Tma.
L X g(dt

Where:
T = i 2(0? +p?— 3m + 2),and Ty, = Suisthemaxt.

Mushtaqg and Darrah presented a new algorithm to find the index of disagreement [2]—the index's integrations
determined using Simpson's method. Any numerical integration method can be used to get the integration value.
This algorithm still works for any dimensions since, in the end, we only have the "hyper-volume" values
representing a function in three dimensions. w = f(x,y,z). Indeed, you can store all the volume (or hyper-
volume) values and then determine the curve fitting to this data using any curve fitting methods or software
packages. Once you have the function that best fits with the data, take the integration from zero to one of your
functions. Now, as we are done with the problem of how to play with our hyper—volume values, the rest of the
work is to get the consensus by writing the algorithm steps of finding the index of disagreement.

For a given mean p and variance o2, the following algorithm is used to determine the consensus values.
Algorithm
The inputs of this algorithm are mean p and variance 2. While the output is: the index of disagreement
and the consensus value.
i Ifu > 4,thenp = 8 — .
ii.  SetN.{Nisany large number}.
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iii. Determined t; u and r.
iv. Determined equation (*) using and numerical integration method, say Phi.
V. Consensus = 1 — Phi.
Note that the accurate result of the integration method plays an essential role in the result of the consensus measure.

Moreover, it would help if you noticed that the technique should work with multi-dimension space.

5. Numerical Example

To ensure that all the theoretical steps work fine, we examined them using a real numerical example. The
data used from random mean and variance values that could cover all cases of the mean and variance. All the
results of the measure of consensus are for n = 7.

Table (1) shows the measure of consensus with selected values of mean u close to the left end. At the same
time, the variances are close to the minimum and maximum variance concerning this mean. Depending on the

statement in [1], the minimum variance when p = 1.1 is 0.19, while the maximum is 0.39.

Mean p Variance o2 Consensus
1.1 0.09 1
1.1 0.34 0.5
1.1 0.59 0

Table 1: Dif ferent variances with left end mean

Notice that these results are precisely the same when you have the mean u = 6.9 due to the similarity of the
mean and the variances.

Table (2) offers the measure of consensus when the mean u = 4, which is the mean in the middle of the mean
range. The variances are the same as in case one, close to the minimum and maximum variance concerning this

mean (¢% = 0,and ¢% = 9).

Mean p Variance o2 Consensus
4 0.00 1
4 4.50 0.52
4 9.00 0

Table 2: Dif ferent variances with mid of mean

In the third table, we choose different random values to make sure that it will work in any number for mean

form u = 1 to u = 7 and any depends on variance values.

Mean p Variance o2 Consensus
2.25 2.75 0.308
4 2.25 0.875
5.5 4.58 0.17

Table 3: Dif ferent mean with variances values
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Notice that all the results above are reasonable and acceptable, specifically if we compare these results with similar
cases for n = 5 in [2]. However, the comparison should be with consideration that for bigger n, the maximum
value of the variance will not be the same. That means a different range of differences in each case.
6. Conclusion

The proposed four-dimensional approach offers a more flexible and adaptable method for measuring
consensus across a range of Likert scales, which could have important implications for future research. Although
working in more than three dimensions is problematic because it is more complicated, this paper applied the new
consensus measure in four dimensions. Even though the base of the equations looks like the theoretical
foundations in [19], it's so hard to try to generate the work to make it work for the seven Likert scales.
Consequently, this work used a different approach to determine all the data in the above examples. To make sure
that the results are accurate, two other programs were used. The first is in MATLAB, and the second is Visual
Basic (VB).
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