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Abstract

Schrédinger equation is developed starting with position-dependent mass considering
the quantum interacting potentials in quantum mechanics, that such called a modified
Hylleraas-Hulthén potential where its developed using the Nikiforov-Uvarov approach.
The wave functions are investigated and the energy eigenvalues and the related
eigenfunctions are also determined
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1. Introduction

The Schrédinger equation with a position-dependent mass (PDM) is a variation of the standard Schrédinger
equation in quantum physics. Although the Schrédinger equation is believed to have a constant mass for every
particle, but in some physical systems, particularly in condensed and nanoscale physics, a particle’s mass can
alter its position. The main interesting idea is to provide a clear impression and description about Schrédinger
equation that depends on altering mass position.

Numerous studies on quantum systems with PDM have been achieved [1-3]. Very valuable models in many
practical fields, including current physics, are the Schrédinger equations with a PDM. PDM have spread over
various applications in condensed physics include the study of semiconductor electronic characteristics [4-5],
quantum wells and quantum dots [6-8], graded alloys and semiconductor heterostructures [9], quantum liquids
[10], etc.

Otherwise, several analytical methods, including the factorization approach [11], Darboux transformation [12],
Nikiforov-Uvarov method (NU) [13], point canonical transformation [14], and supersymmetry, shape invariance
[15-16], have been used to solve the Schrodinger equation using several potential models, such as Kratzer
potential, Poschl-Teller potential, Morse potential, Coulomb potential, and Hulthén potential. [17-18] .

But the most exceptional thing in this study that we indicate a new interaction between two quantum potentials,
which is the Modified Hylleraas Potential [19-20] and the Hulthén Potential [21-23]; to deal with more
complex systems with three particles. The first potential is applied to simulate the interaction of three charged
particles in a quantum system that concerned mostly in the molecular physics. The original Hylleraas potential,
is that express the electron-electron interaction in helium atoms But to deal with more complex systems with
three particles, the Modified Hylleraas Potential provides more words. It is fortunately applied to the study
triatomic molecules or systems involving the interaction of three charged particles, like electrons or nuclei,
while the second potential is applied to express the interaction of two particles in quantum physics. This
potential fortunately, in atomic and molecular physics, is applied to simulate the interaction of a charged particle
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(such as an electron) with a nucleus. In quantum physics, this potential is frequently applied to examine
confined states and scattering processes. This interesting model is helpful for many analytical and computational
applications because it is spread to cover some important aspects of the interaction among particles with charge.
That is concerned as an essential step in demonstrating the position-dependent mass Schrédinger equation
(PDMSE) for such systems to determining the potential energy function, that acts the forces between these
particles.

We seek to investigate the Schrddinger equation with PDM operating the Nikiforov-Uvarov (NU) method
concerning modified Hylleraas-Hulthén potential determining the energy level and associated wave function.
Now, This paper constructed as follows: Section 2 provides the Schrédinger equation with PDM. The review of
the NU method is the focus of Section 3. Section 4 provides the analytical solution to the PDM Schrédinger
equation for modified Hylleraas- Hulthén potential using NU method. Lastly, Section 5, the conclusion and final
statement.

2. Position-dependent mass Schrédinger equation

The general PDM Hamiltonian proposed by Von Roos with A = 2m, = 1 s

2
The dimensionless form of the function m(x) = myM(x) is M(x), and its parameters are a + f +y = —1. Von
Roos settled the limitation a =y = 0 and B = —1, which are introduced as the ambiguity parameters.
Concerning the above parameters in equation (1), the one-dimensional effective mass Hamiltonian is as follows:

Horr = — (M2 MBG) LM (o) + MY ()L MB )L M) ) + Vi () @
eff = dx dx dx dx eff

d 1 d
__4 a )
Hepy = dx (m(x)) dx Vs ()

Then the PDM Schrédinger equation assumes the form:
1 d*> m{k) d
B m(x) dx? mz—(x)a

Where the Vg (x) is

+ Verr(x) —E]go(x) =0 @)

2283 —la(@+B+1) + (B +1D)] :"ng((;)) )

1
Vers @) = V@ +5 B +1)
a, B are ambiguity parameters.
After employing the transformation [24] o (x) = m"(x)(x) and using equation (4) into (3) we get
mll(x)

m(x) (5)
/2
Q-2 +alat B+ D)+ B+ 1) D
m?(x)
The PDM Schrédinger equation is identified as the preceding equation.
In the next section, we're going to provide a detailed overview about Nikiforov-Uvarov (NU) method.

d? m'(x) d

Cdx? v-1) m(x) dx

+(zE+D )

+m@)VE) -E)p=0

3. NU Method

The rules of the (NU) approach [25] are the managing of specific orthogonal functions to solve second-order
differential equations of the hypergeometric type. The Schrédinger or PDM Schrédinger equation can be settled
systematically to provide the precise or specific solutions for a given potential by reducing them to a generalized
equation of hypergeometric type with the suitable coordinate transformation. The following displays the main
equation that is strongly allied to the methodology.

T(s) G(s)

y'(s) + @lli'(s) +5 B

Y(s) =0 (6)
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Where T(s) is a polynomial of first degree, a(s) and &(s) are polynomials of degree at most two, Y(s) is a
hypergeometric type function.
The common form of Schrodinger equation is expressed for any potential as

d? a; —oa,s d - —Es?+Es—
[_2+ 1 2 el Elz EZ . ES]IIJZO (7)
ds? * s(1—ags) ds s?2(1—5s)
Equation (6) can be solved specifically by multiplying two different components of the wave function, which

are as follows, once the variables have been separated:

Y(s) = @(s)y(s) (8)
Where @(s) is defined as a logarithmic derivative:
®'(s) _ m(s)
0® o) ©

mi(s) is a polynomial with one degree or less.
If we consider the preceding transformation equation (6) as a hypergeometric equation:

o(s)yn (s) + t(s) yn(s) + Ayn(s) = 0 (10)
Where

1(s) = 2n(s) + T(s) (11)
Suppose T'(s) < 0, this condition assist to produce physical solutions.
Rodrigues relation gives the solution of the hypergeometric-type function y, (s) of (8) as:

Bn
Yn(s) = @@[ (s)p(s)] (12)

Where n is a fixed integer, p(s) is the weight function, and B, is the normalization constant.
The following differential equation is determined by the weight function.

d
s [o(s)p(s)] = T(s)p(s) (13)
Or
p'(s) t(s)—o'(s)
OO (14)
Then mt(s) is set as:
n(s) = o _2%(5) + J ( o _ZT(S))Z — 5(s) + ko(s) (15)
And
k=21-1(s) (16)

Therefore, for the computation of m(x), the most crucial step is to find k by setting the discriminant of the
square root in (15) to zero. Additionally, the equation for the eigenvalue provided in (16) well be declared as:

nn-1
A=A, = —nr’—%c”(s),(n =0,1,2,..) (17)

Here, the prime represents the first-degree differentials.

4. Results and Discussion

The modified Hylleraas potential is given by

_ ,—2Ax
V(x) = 0(a e_m) (18)
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Where A is the inverse of the potential's range and V,, the potential well's depths, are the Hylleraas parameters a

and b.
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Fig. 1. Modified Hylleraas potential with V, = 1,a = 2 and b = 50.

e—zlx (19)

Vo) =-Vi— o

WhereV;, is the potential depth.
One of the recognizable short-range potentials is the Hulthén potential, which displays an exponential drop for
high values of x and a Coulomb potential behavior for small values of x. In its most essential form, the Hulthén

potential is expressed as:

40

50 ' ‘ - L

Fig. 2. Hulthén potential with V; = 50.

Our newly interesting interacting potential, which is provided by combining equations, is called the Modified
Hylleraas- Hulthén Potential (MHHP). (18) as well as (19):

And this the (MHHP) plotting
Obtaining the mass altering

VO a— e—Z)\x e—ZAx
V(x) = Gz e‘z’\x) ~ Vi (20)
my
m(x) = D) (21)

Figure (3) displays the mass function's behavior.
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Fig. 3. MHHP with V, = 1,V; = 50.
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Fig. 4. Variation of the PDM function of different value of A and my = 1.
The derivatives:

—2)e~2Mx
m'(x) = m (22)
And
4e—4—7\X Ze—Z?\X
m"(x) = 2)\2[(1 mpeE + 1= e_nx)z] (23)
After that, we get these parameters
’ _ —2Ax
m'(x) _ 2)e 24)
m(x) (1—e¥)
And
" 4 —4AX 2 —2AX
m" (x) pyer e e : 25)

m(x) (1 — e 2Mx)2 * (1—e"2¥)
Demonstrating equations (20), (21), (24), and (25) into equation (5)
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dZ _Z}le—zlx d 1 —4AX 2e—2?\x
o _ - - _ 2
dx? -1 (1 — e 22)dx + <2 (B+1) U) 2 [(1 — e 2Ax)2 + - e‘”‘x)]
47\26_4}‘)(
—(U(U—Z) +ala+B+1)+ P+ 1))(1_(3_2}0()2
1 VO a— e—Z?\X e—Z?\x
+ (1 _ e—z)\x) (g (1 _ e—zlx) - V1 1-— e‘27‘X - E)] lIJ =0

Now, changing variable.

1

s = A= e_2)\)(),(0 <s

IN

D

(26)

(@7)

Equation (26) is transport to the Nikiforov-Uvarov equation by changing this variable. After this change, (24)

and (25) becomes

m'(x)
m(x)

=2\M1-5)
And

mll (X)
m(x)

After using the transformation in (26), it becomes

=42%2 (1 —5s)(1—2s)

d2 2v—(2v+1)s d
dx? s(1-s) dx

avg _Voe—zkx e—ZAx

1) + (B + 1))(1 - S)Z - (1_61—27\X) ( b—be—2Ax - Vlm - E)]] lIJ =0

In order to simplify (30), we set

G=(m-2)+a(a+B+D+(B+1)

¢ =(5@+D-v)
1

Cy=——
32U

Thus

d? +21)—(21)+1)s d
dx? s(1—-s) dx

Vo

+[-42 (GB+ 1) —v) (1 = $)(1 - 25) + 422 (v — 2) + ala+ B +

+ [412c1(1 —§)2 — 402C,(1 — s)(1 — 2s) — a

e—ZAX
_“TTEK_D]wzo

Expanding (34)

d2y N 20— (2u+ s dy
ds? s(1-5s) ds

+ [Cl - 2C15 + C152 - Cz + 3CZS - ZCZSZ

— e—Z)\X)

(

b

E

[

a— e—27\x
1— e 2X

VO a— e—27\x e—z}\x
+|—— + V.
( b 422(1 —e"2)z © !

4)\2(1 _ e—ZAx)z + 4)\2 (1 _ e—z}\x)>] llI =0

(28)

(29)

(30)

(1)
(32)

(33)

(34)

(35)

558



International Journal of Multiphysics
Volume 18, No. 2, 2024

ISSN: 1750-9548

Then

d2L|J N 2v— (2u+ s dy
ds? s(1—ys) ds

+ [Cl - 2C15 + C152 - C2 + 3C25 - 2C252 (36)

VO q— e—27\X e—Z?xX E
+{—-— +V + =0
( b 422(1 — e 2M)2 © "14p2(1 —e~2A)2 T 432(1 — e—m))] v
Rearranging the terms enclosed in brackets Equation (36) can be transport to the generalized hypergeometric-
type equation, which is the parametric generalization of the NU method.

dleJ 2v— (2uv + 1)s dy

ds? © s(1-s) ds
1 Vo@-1) Vv,
+m[<CI‘ZCZ‘W+W : 37)
+(=2c, 43¢, @D Vi BN —c =0
! 2 4bA2 oz tpz)st G -G i) =
Where
Vo(@a—=1) V;
v: = —C; + 2C, +W_W
— 0(3l 1) E (38)
Y2 = _ZC]_ + 3C2 4b)\2 4)\2 m
Y3 = _Cl + CZ
Now equation (37) displayed as
dzllJ 2v = (2v + Ds dy 1
T s(l-s) - = 39
ds? s(1—s) ds @ s2(1-s)? [=v18? + y25 — vslW(x) = 0 (39)

After comparing (39) with (6), we have

T(s) =2v— v+ 1)s
o(s) =s(1—-5s) (40)
G(s) = —y1s® + Y25 — V3
Using these polynomials in equation (15), we have

1 ~ (ﬁ—n)s+n;k=vz—2v3+2nﬁ}
e = ( U)(l S)i{(ﬁﬂ)s—n sk =y, —2y; — 2ny/u @
Thus
Vi
h= met oo @2
. _ (BY B+1
=3 -+ 5)
Now by choosing this value of k
k=y; —2y; — 20/ (43)
With
m(s) = <— — U) (1-s)— (ﬁ + n)s +1 (44)

Now, using equation (11) to calculate the polynomial t(s)
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1(s) = 2[(%—1)) (1—5)—(ﬁ+n)s+n] +2v— (v + 1)s (45)
We have
(s) =1—-2s— 2((ﬁ +1)s—n) (46)
The derivative is expressed as:
T(s) = —2(1 + \/ﬁ + T]) (47)
From (16) and (17)
A=A, = —2n(—1 - (\/ﬁ + n)) +n(n—-1) (48)
We have
2 1
A=y, —(Jr+n) —(\/ﬁ+n)+vz—z (49)
Comparing (48) and (49)
(ﬁ+n)=—(n+%>iu Z—;+1 (50)
The energy levels
Vo(a—1) — bV, z 1,2
E, = —4)? (2n+1)—\]%—a(a+8+1)—\/<§> —(a+8%> 1)
- Vl ) (0 S n < 00)

Now, we can provide the numerical analysis of E,,, for different values of the parameters a and b.

Table.1. Numerical outcomes of energy spectra for a=20, b=0.5, a=0, f=-1, V0=50, and V1=100

A E,
n
0 1 —1816.14718
1 2 —1151.47186
2 3 —337.97403
3 4 ~191.65369

And it’s displayed as:
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Fig. 5. MHH energy levels fora = 20,b =0.5, a =0, $ =—-1,V, =50, and V; = 100
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Table.2. Numerical outcomes of energy spectra for a=9, b=0.1, 0=0, f=-1, V0=50, and V1=100

n A E,

0 1 —3876.10004
1 2 —2851.00040
2 3 —1356.70108
3 4 —209.20208

And its displayed as:

5000

Energy Levels

10000

15000

Fig. 6. MHH energy levels fora=9,b=0.1, a =0, B = —-1,V, =50, and V; = 100
From the above analysis, we can notice that as the values of the parameters are low, the energy states decrease.
Now the weight function obtaining using (11), (14), and (46).

p(s) =s*1(1 —s)** (52)
Using equation (52), the solution of y defined from (12) can expressed as:

ya(s) = C,s™21(1 — s)'z‘/—“;—; [sPH2N(1 — s)P 2] (53)
From (9), (40), (43) and (54), we have

1
o(s) = sG)(1 - ) (54)
And now from these properties of Jacobi polynomial's [3]

=D "1 —x)™(1 +x)"VF d"

(QRYm) _
Fn () = 20! dxn

[(1 = x)™M(1 + x)"+HVH] (55)

And

(2" (1 - )2
pézn.Z\/—u)(l —2s) = o M [Sn+2n(1 _ S)n+2\/—u] (56)

Where the Jacobi polynomial is P,fa'b) (x),(a>—1,b > —1). Thus we have:

yn(s) = P2V (1 - 25) (57)
Lastly, we highly represent the wave functions s, (s), using (8), (12), (53), and (54)

1
Ua(s) = N, sG0 (1 — g)VEpE2D (1 _ o) (58)
Where N,, is the normalization constant. We can find it by this normalizing condition.
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f WnGOI? dx =1 = f W (s)I? ds (59)
B i

5. Conclusion

The PDM Schrodinger equation in this research, is managed with MHHP involving NU approach to
demonstrate the valuable system's energy and wave function, successfully. The effects of the potential and the
parameters on the system's energy spectra are demonstrated and displayed explicitly by a numerical and graphic
analysis of the energy spectra. This integrated model proves precisely the wave function, energy spectra, and the
eigen values concerning triatoms potentials, altering position mass dependent merging between quantum and
molecular principle. These system-specific ideas would offer a far more comprehensive and examine to
understand molecular interactions.
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